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1. Introduction
Einstein’s theory of General Relativity, despite its great
success, has not been be able to explain in a satisfactory
way different fundamental aspects of the gravitational
interaction like the existence of dark matter and dark
energy and the hierarchy problem. Moreover, this the-
ory breaks down at very high energies, which makes it
incompatible with the Standard Model of particles.
Among all the known candidates to describe the grav-
itational interaction beyond General Relativity, there
are theories that include extra dimensions, which take it
inspiration in the Superstring or in the M-theory. These
theories are particularly interesting because they can
explain some of the fundamental problems of physics.
In fact, one of these theories, proposed by Randall
and Sundrum [1,2], is the Randall-Sundrum Braneworld
(RSBW), from which it is possible to explain the scale
hierarchy problem.
In the most simple RSBW scenario, our observable
universe is modeled as a four dimensional hypersurface,
known as the 3-brane, embedded in a five dimensional
space, usually called the bulk (there are also consistent
realization of the Randall-Sundrum models in higher
dimensions, such as in the context of string theory, see
for example Ref [3]). The novel idea of the RSBW is
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that all the gauge interactions, described by the Stan-
dard Model, are confined to live in the 3-brane while
the gravitational interaction can spread in to the five
dimensions of the space. For this reason it is possible to
explain the fact that the gravitational scale is very low,
compared to the Planck scale, a consequence of the fact
that only a part of gravitational interaction is in our
four dimensional observable universe, while the another
part is spread in a fifth dimension that can be very large.
For this reason the study of the modifications of the
General Relativity in the Randall-Sundrum models, due
to the interaction of the 3-brane with the bulk (see for
example [4–6]), are very important.
Although a covariant formulation of the RSBW the-
ory [7] is well known, there are many issues that remain
unsolved [8–12]. One of the reasons behind these problems
is the lack of solutions to the complete five dimensional
theory, involving the brane and the bulk interaction.
However, an approach that can shed some light on this
problem, consists to find solutions to the effective Ein-
stein’s field equations in four dimensions and from it to
get some information about the complete geometry in
five dimensions.
Besides, it is well known that the search of analytical
solutions to Einstein’s equations in General Relativity is
a very difficult task and is even more complicate when
we consider in particular interior stellar solutions. This
is mostly due to the nonlinearity of the resulting field
equations. In the context of the Randall-Sundrum mod-
els there are additional nonlinear contributions to the
effective energy momentum tensor, in four dimensions,
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coming from the high energy corrections [7,13]. For this
reason the task to find exact physically acceptable solu-
tions for the effective Einstein field equations in four
dimensions seems to be almost impossible.
In the last few years, a new method was found, known
as minimal geometric deformation decoupling method
(MGD-decoupling), which allows us to solve the Ein-
stein field equations in a very systematic and simple
way. MGD method was proposed [14,15] in the context of
the brane-world and then was used to obtain new black
hole solutions in Refs. [16,17] (for some works on MGD,
see Refs. [18–21], and also see Refs. [22–32] for some recent
applications).
Nevertheless, the MGD method, despite being quite
powerful, is restricted to consider only isotropic matter
distributions, which is a restriction that is not present
in the MGD-decoupling approach. Also it is important
to mention that in MGD method, the decoupling of the
equations of the resulting system, which represents the
key to generalize the method to others scenarios beyond
the RSBW, was not discussed.
Indeed, the MGD-decoupling approach is very useful
to solve the Einstein’s equations for energy-momentum
tensors of the form
T¯µν = Tµν + θµν , (1)
because, instead of solving the complete system of
equations for the source T¯µν , we first solve Einstein’s
equations for the primary source and then we solve a
system of equations, similar to Einstein’s field equations,
for the second source θµν . Then, by performing a com-
bination of the two solutions we can obtain the solution
for the complete system. Indeed the decoupling of the
complete Einstein’s equations system, which is highly
non trivial, is what makes this method so powerful to
analyze different scenarios.
There are many applications of the MGD decoupling
method in different works. One of the approach consid-
ered in the literature is to obtain analytical solutions
(internal or external) of the Einstein’s field equations
proposing certain condition in the source θµν (see for
example [33–39]). In these cases, the anisotropy generated
by the new source can be interpreted in many ways,
depending on the main goal of each author, and in gen-
eral it will be different from the one considered here,
which came from the contributions of the bulk into the
brane. Other solutions obtained using the MGD decou-
pling method come from the analysis of theories beyond
GR like f(R), f(R, T ) and f(G) gravity [40–42], pure
Lovelock gravity [43], AdS/CFT [44], for mention some of
them, where the source θµν has a different interpretation
with the presented here. For more recent applications
of the MGD-decoupling method [45,46] see for instance
Refs. [47–67].
It is the purpose of this work to show how we can
use this new method to solve the novelties which appear
in the Randal-Sundrum theory in this context. Indeed,
we will use this algorithm to find new analytical physi-
cally acceptable solutions to the effective Einstein’s field
equations by extending every known solution of General
Relativity to its braneworld versions.
We would like to emphasize that while it is true
that the braneworld has a well-deserved theoretical
importance, it is fair to mention that there is no exper-
imental evidence on it. However, given that it manages
to explain the problem of the hierarchy of fundamental
forces in a simple and highly non-trivial way, its theoret-
ical importance continues to be recognized until today.
Especially since it could serve as a guide to construct a
new theory that cannot only explain the problem of the
hierarchy of fundamental interactions, but can also be
tested experimentally. If this will be possible the MGD-
decoupling would be an ideal approach to study the
equations of movement associated with the corrections
suffered by General Relativity.
This work is organized as follows: in section 2 we
present a brief review of how to decouple Einstein’s
field equations, using the MGD decoupling method, in
the case we have a combination of two gravitational
sources. In section 3 we write the four dimensional effec-
tive Einstein’s equations in the five-dimensional RSBW.
In section 4 we explain MGD decoupling in the RSBW
domain, giving some black holes solutions; we show
also how to find internal solutions for the effective Ein-
stein’s field equations in RSBW, taken as a seed the
Tolman IV solution in General Relativity; finally, we
give a new solution starting with a known solution in the
anisotropic domain. In section 5 we give our conclusions.
2. Minimal geometric deformation
decoupling method
In this section we present a brief review of the most
important results concerning the solution Einstein’s
equations using the minimal geometric deformation
decoupling method for spherically symmetric and static
systems.
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Let us start by writing the Einstein field equations
Rµν − 1
2
Rgµν = −k2T¯µν , (2)
where we will assume that the energy momentum ten-
sor T¯µν has contributions of two different gravitational
sources, that is
T¯µν = Tµν + θµν . (3)
The line element for our case has the following form
in Schwarzschild-like coordinates
ds2 = eν(r) dt2 − eλ(r) dr2 − r2 (dθ2 + sin2 θ dφ2) (4)
from which we can see in a straightforward way, using
(3), that Einstein’s field equations (2) can be rewritten
as
k2ρ¯ = k2(T 00 + θ
0
0) =
1
r2
− e−λ
(
1
r2
− λ
′
r
)
, (5)
k2p¯r = −k2(T 11 + θ11) = −
1
r2
+ e−λ
(
1
r2
+
ν′
r
)
, (6)
k2p¯t = −k2(T 22 + θ22) =
e−λ
4
(
2ν′′ + ν′2 − λ′ν′
+ 2
ν′ − λ′
r
)
, (7)
where the prime indicates derivatives respect to variable
r and ρ¯, p¯r and p¯t are defined as the effective energy
density, the effective radial pressure and the effective
tangential pressure, respectively.
The conservation equation for this system, which can
be obtained as a linear combination of the equations
(5)-(7), is given by
∇µT¯µν = (p¯r)′ − ν
′
2
(ρ¯+ p¯r)− 2
r
(p¯t − p¯r) = 0, (8)
which in terms of the gravitational sources Tµν and θµν ,
takes the following form(
T 11
)′ − ν′
2
(
T 00 − T 11
)− 2
r
(
T 22 − T 11
)
+ α
[(
θ 11
)′ − ν′
2
(
θ 00 − θ 11
)− 2
r
(
θ 22 − θ 11
)]
= 0. (9)
At this point it is easy to see, from equations (5)-
(7), that the combination of the two sources in the
energy-momentum tensor will describe a fluid with local
anisotropy on the pressures.
Now in order to solve the system of equations (5)-
(7), we will apply the MGD decoupling method. The
first step in this approach is to neglect the contributions
of the source θµν and consider a solution of Einstein’s
equations for the source Tµν , whose line element can by
written as
ds2 = eξ(r) dt2 − 1
µ(r)
dr2 − r2 (dθ2 + sin2 θ dφ2) , (10)
were
µ(r) ≡ 1− k
2
r
∫ r
0
x2 T 00 dx = 1−
2m(r)
r
, (11)
is the standard definition of the mass function in General
Relativity.
The next step is to include all the contributions θµν
on Tµν . This can be done by considering that the effects,
induced by the gravitational source θµν , are encoded in
a deformation of the temporal and radial components of
the metric given by
ν(r) = ξ(r) + αg(r), (12)
e−λ(r) = µ(r) + αf(r), (13)
were g(r) and f(r) are two unknown functions. The min-
imal geometric deformation is associated with the case
were g = 0. In this particular case we will only be con-
sidering deformations in the radial component of the
metric, this is
ν(r) = ξ(r), (14)
e−λ(r) = µ(r) + αf∗(r). (15)
Now, using (14), it is easy to show that Einstein’s field
equations can be separated into two different systems
of equations. The first one system corresponds to the
Einstein field equations for the source Tµν , given by
k2T 00 =
1
r2
− µ
r2
− µ
′
r
, (16)
−k2T 11 = −
1
r2
+ µ
(
1
r2
+
ν′
r
)
, (17)
−k2T 22 =
µ
4
(
2ν′′ + ν′2 +
2ν′
r
)
+
µ′
4
(
ν′ +
2
r
)
, (18)
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with the correspondent conservation equation(
T 11
)′ − ν′
2
(
T 00 − T 11
)− 2
r
(
T 22 − T 11
)
= 0, (19)
while the second one system is only related to the
gravitational source θµν and is written as
k2θ 00 =−
αf∗
r2
− αf
∗′
r
, (20)
k2θ 11 =−αf∗
(
1
r2
+
ν′
r
)
, (21)
k2θ 22 =−α
f∗
4
(
2ν′′ + ν′2 + 2
ν′
r
)
− αf
∗′
4
(
ν′ +
2
r
)
,(22)
and the conservation equation associated with the
source is(
θ 11
)′ − ν′
2
(
θ 00 − θ 11
)− 2
r
(
θ 22 − θ 11
)
= 0. (23)
We notice that the system of equations (20)-(22), due
to a missing term of 1/r2 in the first two equations, is
not a Einstein system of equations for θµν . However, it
is always possible to redefine the components of θµν in
order to include the factor of 1/r2 in the system (20)-
(22) and obtain a Einstein system of equations for this
source. Also we can notice, from equations (9), (21) and
(22), that the interaction between the sources Tµν and
θµν is purely gravitational. Then we can conclude that
we have decoupled the Einstein field equations.
The fact of having decoupled the Einstein field
equations, for the combination of two sources, represents
a huge simplification to the problem of finding solu-
tions to the system of equations (5)-(7). This is because
instead of solving the equations for the complete system,
we can solve first the Einstein’s equations for the source
Tµν , (16)-(19), and determine {Tµν , ξ, µ}. Then, we can
solve the system of equations (20)- (22) for the source
θµν to find {θµν , f∗}. Finally, the solution for the com-
plete system can be obtained by a simple combination
of these two results.
The simple and systematic approach of the MGD
decoupling method to solve the Einstein field equations
represents a powerful tool in the analysis of more compli-
cated and realistic distributions of matter in the context
of General Relativity. Indeed, we can find solutions
to the Einstein field equations, for very complicated
distributions of matter, in two different ways:
• We can choose known simple solutions of Ein-
stein’s equations for the energy-momentum tensor
Tµν . Then, we can construct more complicated
solutions by adding more complex gravitational
sources to the energy momentum tensor solving
the system (20)-(22).
• We can start with a very complicated expression
for the energy momentum T¯µν . Then in order
to find a solution for this case, we can separate
the energy-momentum tensor in its more simpler
components, that is
T¯µν =
∑
i
T iµν . (24)
Now, we can solve the Einstein’s equations for
each T iµν . Then, by simple combinations of these
solutions, we can found the solutions of the Ein-
stein field equations for the more general energy-
momentum tensor T¯µν .
3. Field equations in the RSBW
The main feature of the RSBW models is to consider
that our (3 + 1) observable universe is confined on a 3-
brane in a five dimensional space time, usually called the
bulk, with Z2 symmetry. This five dimensional theory
induces modifications to the Einstein field equations on
the brane, which can by written as
Gµν = −gµνΛ− k2TTµν , (25)
where k2 = 8piGN , Λ is the cosmological constant on the
brane and TTµν is a effective energy-momentum tensor
given by
TTµν = Tµν −
6
σ
Sµν +
1
8pi
Eµν + 4
σ
Fµν , (26)
which, through the inclusion of the last three terms, take
into account all the effects of the bulk onto the 3-brane.
Here σ is the brane tension.
The term Sµν , called the high-energy corrections,
in the effective energy-momentum tensor arise from
the extrinsic curvature terms in the projected Einstein
tensor onto the brane. This is given by
Sµν =
1
12
TTµν − 1
4
TµρT
ρ
ν +
1
24
[
3TρλT
ρλ − T 2] , (27)
where T is the trace of Tµν . The third term, Eµν , is
known by the name of Kaluza-Klein corrections and rep-
resents the projection of the Weyl tensor of the bulk.
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For the case of spherically symmetric and static distri-
butions of matter, which is the only case that we will
consider in this paper, this term can by written as
k2Eµν = 6
σ
[
U
(
uµuν − 1
3
hµν
)
+ Pµν
]
, (28)
with
hµν = gµν − uµuν , (29)
Pµν = P
(
rµrν − 1
3
hµν
)
, (30)
where U , Pµν , hµν , uµ and rµ are the bulk Weyl scalar,
the anisotropic stress, the projection operator operator,
the four velocity of fluid element and a radial unitary
vector, respectively.
The last correction to the effective energy-momentum
tensor, Fµν , depends on all the stresses in the bulk apart
from the cosmological constant. Thus, in general there
will be a change of energy momentum between the bulk
and the brane. From now on, we will consider only the
case in which the cosmological constant is present in the
bulk. In this particular case, we recover the standard
conservation equation of GR
∇νTµν = 0. (31)
Now, in order to study the effects of the RSBW on
perfect fluids the energy-momentum tensor Tµν we must
have the following form
Tµν = (ρ+ pt)uµuν − ptgµν + (pr − pt)sµsν , (32)
where uµ = exp ν/2δ
µ
0 , sµ = expλ/2 and ρ,pr,pt rep-
resents the energy density, the radial pressure and the
tangential pressure of the perfect fluid, respectively. In
this case the equilibrium equation leads to
p′r +
ν′
2
(ρ+ pr)− 2∆
r
= 0, ∆ = pt − pr. (33)
Finally, with all these ingredients, we are ready to
write the effective Einstein’s equation, with Λ = 0, in
the four dimensional 3-brane. Then, using (10) and (26)-
(32), the equation (25) leads to
k2
[
ρ +
1
σ
(
(ρ2 −∆2)
2
+
6U
k4
)]
=
1
r2
− e−λ
(
1
r2
− λ
′
r
)
, (34)
k2
[
pr +
1
σ
(
ρ2
2
+ ρpt +
p2t − p2r
2
+
2U
k4
)
+
4P
k4σ
]
=
− 1
r2
+ e−λ
(
1
r2
+
ν′
r
)
, (35)
k2
[
pt +
1
σ
(
ρ2
2
+
ρ
2
(pr + pt) +
2U
k4
)
− 2P
k4σ
]
=
e−λ
4
(
2ν′′ + ν′2 − λ′ν′ + 2ν
′ − λ′
r
)
. (36)
Now, from these equations, it is evident that the
inclusion of the high energy corrections to the Ein-
stein’s equations represents a huge complication respect
to General Relativity case. Furthermore, it is easy to see
that the equations (34)-(36) represent an indefinite sys-
tem because extra information is required, related with
the geometry of the bulk, in order to solve the system. In
next sections we will show how to solve these problems
using the MGD-decoupling method.
4. Gravitational decoupling in the RSBW
In this section we implement the MGD decoupling
method to the effective Einstein’s equations obtained
for the RS Braneworld scenario, that is, Eqs (34)-(36).
Now, from (26) (with Fµν = 0) it is easy to see that the
the source θµν in Eq. (3) is given by
θµν = − 6
σ
Sµν +
1
8pi
Eµν . (37)
Then, we can use the expressions (27)-(30) or, in a
more simpler way, by a direct comparison of the field
equations (34)-(36) and (5)-(7) to find
θ 00 =
1
σ
(
(ρ2 −∆2)
2
+
6U
k4
)
, (38)
θ 11 = −
1
σ
(
ρ2
2
+ ρpt +
p2t − p2r
2
+
2U
k4
)
− 4
k4
P
σ
, (39)
θ 22 = −
1
σ
(
ρ2
2
+
ρ
2
(pr + pt) +
2U
k4
)
+
2
k4
P
σ
. (40)
5
Therefore, the complete system of equations (34)-(36)
can be decoupled in two different systems. The first one,
related only with the general relativistic anisotropic fluid
part of the energy-momentum tensor, is given by
k2ρ =
1
r2
− µ
r2
− µ
′
r
, (41)
k2pr = − 1
r2
+ µ
(
1
r2
+
ν′
r
)
, (42)
k2pt =
µ
4
(
2ν′′ + ν′2 +
2ν′
r
)
+
µ′
4
(
ν′ +
2
r
)
, (43)
with its respective conservation equation
p′r +
ν′
2
(ρ+ pr)− 2∆
r
= 0. (44)
And the second one, which has all the information
related with the effect of the bulk onto the 3-brane, takes
the following form (identifying α = 1σ )
k2
(
(ρ2 −∆2)
2
+
6U
k4
)
= −f
∗
r2
− f
∗′
r
, (45)
k2
[(
ρ2
2
+ ρpt +
p2t − p2r
2
+
2U
k4
)
+
4P
k4
]
=
f∗
(
1
r2
+
ν′
r
)
, (46)
k2
[(
ρ2
2
+
ρ
2
(pr + pt)− pr
2
∆ +
2
k4
U
)
− 2P
k4
]
=
1
4
[
f∗
(
2 ξ′′ + ξ′2 + 2
ν′
r
)
+ f∗
′
(
ν′ +
2
r
)]
, (47)
where the conservation equation for this source can be
written as
U ′ + 2P ′ + ν′(2U + P) + 6P
r
− k
4
2
(ρ′ + p′t)(ρ+ pt)
− k
4
2r
(ρ+ pt)∆− k
4ν′
4
(ρ2 + prpt + ρ(pr + pt)). (48)
We note that ∆ = 0 corresponds to the case of a perfect
fluid which can be analyzed in the framework of the first
version of MGD method.
Its important to mention that in other cases, the cou-
pling alpha has another interpretations. For example,
in Ref. [52], the coupling alpha is a constant that helps
to keep track the effect of the energy-momentum ten-
sor associated with a static scalar field which defines a
Klein Gordon equation type through a self-interaction
potential.
Now, from the last two systems of equations we can
see that every solution in GR (isotropic or anisotropic
in pressures) given by the functions pr, pt, ρ, µ and ν can
be extended to the RS braneworld scenario, using this
method, if we solve the system of equations (45)-(47) to
find the functions U ,P and f∗.
The most simple case which we can analyze with this
approach is the extension of the Schwarzschild vacuum
solution of the GR to RSBW scenario. In order to do
that we only have to impose the condition pr = pt =
ρ = 0 in the system (45)-(47). Then, it is possible to
find a simple first differential equation for f∗ that can
by written as
(
ν′
2
+
2
r
)
(f∗)′+
(
ν′′ +
(ν′)2
2
+
2ν′
r
+
2
r2
)
f∗ = 0 (49)
which solution is given by
f∗ =
D
F (r)
(50)
where D is an integration constant and
F (r) = exp
∫
ν′′ + (ν
′)2
2 +
2ν′
r +
2
r2
ν′
2 +
2
r
dr. (51)
Now, using that
e−µ = eν = 1− 2M
r
(52)
for the Schwarzschild vacuum solution, we obtain
f∗ =
D
2
(
r − 3M2
) (1− 2M
r
)
, (53)
then we can write the minimally deformed radial metric
component as
e−λ =
(
1− 2M
r
)[
1 +
D
2σ
(
r − 3M2
)] , (54)
and the functions
U = − 4piDM
3r2(3M − 2r)2 , (55)
P = −4piD(4M − 3r)
3r2(3M − 2r)2 . (56)
This result represent the only possible deformation
of the Schwarzschild exterior vacuum under the MGD-
decoupling method in the BW. Nevertheless, this does
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not represent a new black hole solution for the BW.
Indeed, this solution was first found in Ref. [12] and later
on in Ref. [23].
There exist another black hole solutions in the BW
context different from the obtained here [8,68,69]. The
fact that (54) is the only possible deformation to the
Schwarzschild vacuum shows that the MGD-decoupling
method has strong limitations to obtain new black holes
solutions in the RSBW. Thus, in order to obtain new
black solutions we can follow two different approaches.
The first one is to use the extended version of the MGD
decoupling method found in [45] and in this way try to
obtain more general deformations to the Schwarzschild
vacuum. The second one procedure that we could use is
based in the standard version of the MGD decoupling
method, but instead of using the Schwarzschild vacuum,
we can start with a solution in which the vacuum have
other contributions coming from different sources from
U and P (see for example Ref. [34]). In this paper we will
only follow the second approach.
4.1. Black holes by MGD-decoupling in the
RSBW
In order to find new black hole solutions in the RSBW,
we suppose that the energy-momentum tensor (3) is
given by
T (tot)µν =
6
σ
Sµν +
1
8pi
Eµν + θµν , (57)
where the first two terms are related with BW sector
and θµν is another source filling the vacuum. Now if we
applied the MDG decoupling method to this system it
is easy to see that the two resulting equations systems
are given by
6U
σk2
=
1
r2
− µ
(
1
r2
− λ
′
r
)
, (58)
2U
σk2
+
4P
k2σ
= − 1
r2
+ µ
(
1
r2
+
ν′
r
)
, (59)
2U
σk2
− 2P
k2σ
=
µ
4
(
2ν′′ + ν′2 − λ′ν′ + 2ν
′ − λ′
r
)
, (60)
which has all the information about the pure BW sector
and
k2θ 00 =−
αf∗
r2
− αf
∗′
r
, (61)
k2θ 11 =−αf∗
(
1
r2
+
ν′
r
)
, (62)
k2θ 22 =−α
f∗
4
(
2ν′′ + ν′2 + 2
ν′
r
)
− αf
∗′
4
(
ν′ +
2
r
)
,(63)
which is only related with the source θµν .
Now, in order two solve these systems we use the sim-
plest black hole solution of the RSBW, which in known
by the name of tidally charge solution (Ref. [68])
ds2 =
(
1− 2M
r
− Q
r2
)
dt2 − dr
2
1− 2Mr − Qr2
− r2 dΩ2 .
(64)
Thus, using this solution the system (58)-(60) is auto-
matically solved and we have only to solve the system
(61)-(63) in order to find θµν and f∗ and, in this way,
we obtain the deformed version of the tidally charge
solution
ds2 =
(
1− 2M
r
− Q
r2
)
dt2 − dr
2
1− 2Mr − Qr2 + α f∗
− r2 dΩ2 . (65)
However, the last system of equations for θµν have
more unknown functions that equations and hence we
need to give an additional equation. In the following
we will consider three different restrictions over the
components of the θµν .
4.1.1. The isotropic pressure case θ11 = θ22 = θ33
By imposing this condition in the system (61)-(63) it
is possible to get the following first order differential
equation for f∗,
f∗
′
(
ν′ +
2
r
)
+ f∗
(
2 ν′′ + ν′2 − 2 ν
′
r
− 4
r2
)
= 0 . (66)
Now, using (64) we can obtain that
f∗(r) =
(
1− 2M
r
− Q
r2
)( r
a
)2
e
4 q
M r
(
1− M
r
)2+ 4 q
M2
,
(67)
where a is a constant with dimensions of a length. Thus,
using the explicit form of f∗ it is possible to write the
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deformed spatial components of the metric by
e−λ = eξ + α f∗
=
(
1− 2M
r
− Q
r2
)
×
[
1 + α
( r
a
)2
e
4 q
M r
(
1− M
r
)2+ 4 q
M2
]
. (68)
However, this solution is not asymptotically flat. Hence
if we want to fulfill this condition, the additional source
cannot be isotropic in the pressures.
4.1.2. The conformal symmetric case 2θ22 = −θ00 − θ11
In this case, we can also find a first order differential
equation for f∗ given by
f∗
′
(
ν′
2
+
2
r
)
+ f∗
(
ν′′ +
ν′2
2
+ 2
ν′
r
+
2
r2
)
= 0 , (69)
and using (64) we can get that f∗ and e−λ are also given
by
f∗(r) =
(
1− 2M
r
− Q
r2
)
be
3MArcTan
[
3M−4r√
−9M2−8q
]
√
−9M2−8q√
r (2 r − 3M)− q , (70)
e−λ =
(
1− 2M
r
− q
r2
)1 + Be
3MArcTan
[
3M−4r√
−9M2−8Q
]
√
−9M2−8Q√
r (2 r − 3M)−Q
 ,
(71)
where B = σ−1b and b is a constant with units of a
length. This is a black hole that exhibits two horizons
in r = M ±
√
M2 +Q, which are the same of the tidal
charged solution.
4.1.3. The null tangential pressure case θ22 = 0
In this case it is easy to find that
f∗
′
(
ν′ +
2
r
)
+ f∗
(
2 ν′′ + ν′2 + 2
ν′
r
)
= 0 , (72)
and introducing (64) as before, we obtain that f∗ and
e−λ are given by
f∗ = d
(
1− 2M
r
− Q
r2
)(
1− M
r
) 2Q
M2
e
2Q
M r , (73)
e−λ =
(
1− 2M
r
− Q
r2
)[
1 + d
(
1− M
r
) 2Q
M2
e
2Q
M r
]
,
(74)
where d is an integration constant. This case, as the
first one (isotropic pressures), is not asymptotically flat.
Thus, we can conclude that if we want to preserve
the asymptotically flat property, the source θµν cannot
contain a null tangential pressure.
4.2. Interior solutions by MGD-decoupling in
the RSBW
Now, let us find interior solutions for a self-gravitating
system. The deformed interior metric under MGD-
decoupling reads
ds2 =
(
1− 2m(r)
r
)
dt2 − dr
2
1− 2m(r)r + α f∗
− r2 dΩ2 .
(75)
Let us remind that after the decoupling, we end with
three independent equations, namely, the system (45)-
(47), to find three unknown functions {U , P, f∗}. By
combining Eqs. (45)-(47) we find the first order differ-
ential equation for the function f∗, given by
(
ξ′
2
+
2
r
)
(f∗)′ +
(
ξ′′ +
(ξ′)2
2
+
2ξ′
r
+
2
r2
)
f∗
= k2(ρ2 + ρ(2pt + pr) + ∆
2), (76)
whose formal solution is
f∗(r) =
J
F (r)
+
2k2
F (r)
∫
F (r)r
rξ′ + 4
(ρ2+ρ(2pt+pr)+∆
2)dr,
(77)
with
F (r) = exp
(∫ (
ξ′′ +
(ξ′)2
2
+
2ξ′
r
+
2
r2
)/(ξ′
2
+
2
r
)
dr
)
,
(78)
where we see that in the vacuum ρ = pt = pr = 0 the
expression (77) yields the one in (49).
Then, what we have shown here is that given a known
solution of Einstein’s equations in General Relativity
it is always possible to extend it to the Brane World
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scenario using the MGD-decoupling method. It is impor-
tant to recall that we are assuming that the source Tµν
in (3) corresponds to a perfect fluid. The case where the
Tµν represents a fluid with local anisotropy in pressure
can be obtained directly following the same steps that
we presented here.
In order to avoid singularities at the surface of our
distribution we must impose the well known matching
conditions. The exterior geometry in the Brane-Wolrd
context is characterized by a Weyl fluid with
ρ = pr = pt = 0, U = U+,P = P+, (79)
whose metric can be written in a generic way by
ds2 = eν
+
dt2 − eλ+dr2 − r2dΩ2. (80)
From (79) it is easy to see that the effective pressures
and the effective density in the outer region will be in
general different from zero due to the contributions com-
ing from the interaction of our universe with the bulk.
On the other hand, from the Eqs. (45)-(47) becomes
evident that the system of equations for the exterior
region has more unknown functions than equations. So,
in order to close the system, it is necessary to impose
further conditions under U+ and P+. Then, unlike the
General Relativistic case, in the BW we can have many
possible static and spherically symmetric vacuum solu-
tions, in which the Schwarzschild’s vacuum is only a
particular case (U+ = P+ = 0). It can be shown that, in
the most general case, the first and second fundamental
form lead to
eν
−
∣∣∣
r=R
= eν
+
∣∣∣
r=R
, (81)(
1− 2m(r)
r
+
1
σ
f∗(r)
)∣∣∣∣
r=R
= e−λ
+
∣∣∣
r=R
, (82)(
pr(r) +
f∗
8piσ
[
ν′
r
+
1
r2
])∣∣∣∣
r=R
=
(
2
k4
U+
σ
+
4
k4
P+
σ
)∣∣∣∣
r=R
.(83)
In the General Relativistic scenario, the second fun-
damental form (83) leads to the condition
pr(R) = 0, (84)
however in the BW scenario, even when the physical
pressure equal to zero at the surface of the distribution,
the effective radial pressure will be different from zero
at r = R. Now, in this paper we consider the case when
the condition (84) is satisfied and also the case when
only (83) is fulfilled but not (84).
On the other hand, we also will check the physical
acceptability of the obtained by requiring the following
condition [70] for the obtained solutions
• p¯r, p¯t and ρ¯ are positive and finite inside the
distribution.
• dp¯rdr , dp¯tdr and dρ¯dr are monotonically decreasing.
• Dominant energy condition: p¯rρ¯ ≤ 1 , p¯tρ¯ ≤ 1.
• Causality condition: 0 < dp¯rdρ¯ < 1 , 0 < dp¯tdρ¯ < 1.
Now, in order to show how the MGD-decoupling
method works let us to extend two known solutions of
the Einstein’s field equation in GR, one with isotropic
pressures and the other with local anisotropic pressures.
4.2.1. The isotropic case
For this case we will choose the Tolman IV perfect fluid
solution given by
eξ = B2
(
1 +
r2
A2
)
, (85)
e−λ =
(
1− r2C2
)(
1 + r
2
A2
)
(
1 + 2r
2
A2
) , (86)
ρ(r) =
3A4 +A2(3C2 + 7r2) + 2r2(C2 + 3r2)
8piC2(A2 + 2r2)2
, (87)
p(r) =
C2 −A2 − 3r2
8piC2(A2 + 2r2)
, (88)
where A, B and C are constants that must be deter-
mined by the matching conditions. This perfect fluid
configuration {p, ρ, µ, ξ} is a solution of the sys-
tem (16)-(18), and we will have a specific braneworld
solution under the MGD-decoupling. Then, plugging the
expressions in Eqs. (85)-(88) in Eq. (77), we found that
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f∗(r) = −
(
A2 + r2
)
384piC4r (2A2 + 3r2)
3/2
(
r
√
2A2 + 3r2
×
(
− 9
(
A4 − 4C4)
A2 + 2r2
+
4A4
(
A2 + 2C2
)2
(A2 + 2r2)
3
+
17
(
A3 + 2AC2
)2
(A2 + 2r2)
2 − 36C2 + 54r2
)
− 24 (A2 + 2C2)2 tan−1( r√
2A2 + 3r2
)
− 48
√
3C4 log
(√
6A2 + 9r2 + 3r
))
+
D(A2 + r2)
r (2A2 + 3r2)
3/2
. (89)
from which follows that f∗ will be finite at the center
of the distribution only if J = 0 and A2 = 1/6. This
last condition can be seen easily if we expand f∗(r) in
a power series around r = 0, which yields
f∗(r) =
√
3
2 log
(√
6
√
A2
)
16pi
√
A2r
−
5r
(√
3
2
√
A2 log
(√
6
√
A2
))
64 (piA4)
+
3r2
(
A2 + C2
)
8piA4C2
+O(r3), (90)
where it is clear that A2 = 1/6 in order to get an expres-
sion for the deformation function finite at the origin.
Then f∗(r) can be written as
f∗(r) = −
(
6r2 + 1
)
384
√
3piC4r (9r2 + 1)
3/2
(12r2 + 1)
3
×
(√
3
(
r
√
9r2 + 1
(
72C4
(
216r4 + 70r2 + 5
)
− 24C2 (1296r6 + 324r4 + 10r2 − 1)
+ 46656r8 + 11664r6 + 864r4 + 26r2 + 1
)
− 72C4 (12r2 + 1)3 log (√9r2 + 1 + 3r))
− (12C2 + 1)2 (12r2 + 1)3 tan−1
 r√
3r2 + 13
).(91)
Now, using (91) we can found that the functions U
and P can by written as
U = −4pif
∗(r)
(
18r2 + 5
)
54r4 + 15r2 + 1
− 3
(
6C2
(
4r2 + 1
)
+ 72r4 + 14r2 + 1
)
G1(r)
4 (9r2 + 1) (12Cr2 + C)
4 , (92)
P = 2pif
∗(r)
(
144r4 + 22r2 + 1
)
54r6 + 15r4 + r2
+
3rH1(r)
(
6C2
(
4r2 + 1
)
+ 72r4 + 14r2 + 1
)
2C4 (9r2 + 1) (12r2 + 1)
3 . (93)
where
G1(r) = 6C
2
(
132r4 + 41r2 + 3
)− 216r6
− 42r4 + 7r2 + 1, (94)
H1(r) =
(
4
(
9r4 + r2
)− 3C2 (8r2 + 1)) . (95)
The case with p(R) = 0
Assuming that Eq. (84) is satisfied, then using (84) it
can be shown that
C2 = A2 + 3R2. (96)
Then we can compute the value of the radial pressure
at r = R, which yields
P (R) =
3(I1(R) + I2(R) + I3(R))
256pi2σR3 (9R2 + 1)
3/2
(216R4 + 30R2 + 1)
,
(97)
where
I1(R) ≡ 6− 3R
√
9R2 + 1
(
216R4 + 66R2 + 5
)
, (98)
I2(R) ≡ 3
√
3
(
12R2 + 1
)3
tan−1
 R√
3R2 + 13
 , (99)
I3(R ≡ 2
(
12R2 + 1
) (
18R2 + 1
)2
× log
(√
9R2 + 1 + 3R
)
. (100)
So, in general the radial pressure will be different from
zero in the surface of the distribution. Therefore we
will not be able to match our internal solution to the
Schwarzschild vacuum (U+ = P+ = 0) but it is possible
to use the exterior solution found at the beginning of
this section, which is a deformation of the Schwarzschild
metric. In this case the matching conditions (81)-(83)
yield
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Figure 1. Qualitative comparison of the pressure for a
distribution of R = 0.1 in the brane world model (con-
tinuous curve) with the general relativistic case (dashed
curve) when p(R) = 0.
B2
(
6R2 + 1
)
=
(
1− 2M
R
)
, (101)
6R2 + 1
18R2 + 1
+
1
σ
f∗(R) =
(
1− 2M
R
)
×
[
1 +
D
2σ
(
R− 32M
)] , (102)
f∗(R)
8piσ
(
12
6R2 + 1
+
1
R2
)
=
D
16piσR2
(
R− 3M2
) . (103)
From equations (102) and (103) we can find that M is
given by
M =
6R3
18R2 + 1
. (104)
Thus, for a given value of R and σ we can obtain the
value of M . Then it is possible to compute D and B
from equations (102) and 101, which lead to
D =
(3M − 2R)
(2M − 1) (18R2 + 1)
(
36aR2M + 2aM − 12aR3
+ 18R3f∗(R) +Rf∗(R)
)
, (105)
B2 =
R− 2M
R(1 + 6R2)
. (106)
In order to give an example of the qualitative behavior
of the distribution (that satisfied all the physical accept-
ability conditions) we choose R = 0.1 and σ = 5. The
results are shown in the figures (1)-(5).
The case with p(R) 6= 0.
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Figure 2. Qualitative comparison of the energy den-
sity for a distribution of R = 0.1 in the brane world
model (continuous curve) with the general relativistic
case (dashed curve) when p(R) = 0.
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Figure 3. Qualitative behavior of the radial pres-
sure (continuous curve) and tangential pressure (dashed
curve) R = 0.1 when p(R) = 0.
Now, if we drop the condition (84) it is possible
to match our solution with the exterior Schwarzschild
vacuum. In this case the matching conditions yield
B2
(
6R2 + 1
)
=
(
1− 2M
R
)
, (107)(
6R2 + 1
) (
1− R2C2
)
12R2 + 1
+
1
σ
f∗(R) =
(
1− 2M
R
)
, (108)
6C2 − 18R2 − 1
8F 2 (12piR2 + pi)
+
f∗(R)
8piσ
(
12
6R2 + 1
+
1
R2
)
= 0.(109)
Then, using Eqs. (109) we can obtain
K1(R)F
4 +K2(R)F
2 +K3(R) = 0 (110)
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Figure 4. The scalar function U for R = 0.1 when
p(R) = 0.
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Figure 5. The Weyl function P for R = 0.1 when
p(R) = 0.
where
K1(R) = 216
(
18R2 + 1
) (
12R2 + 1
)3
× log
(√
9R2 + 1 + 3R
)
+ 144
√
3
(
18R2 + 1
) (
12R2 + 1
)3
× tan−1
 R√
3R2 + 13

+ 216R
(
41472piσR8 + 144(80piσ − 27)R6
+ 12(88piσ − 123)R4
+ 32(piσ − 5)R2 − 5
)√
9R2 + 1, (111)
K2(R) = 24
√
3
(
12R2 + 1
)3 (
18R2 + 1
)
× tan−1
 R√
3R2 + 13

− 72R
√
9R2 + 1
(
18R2 + 1
) (
20736piσR8
+ 144(40piσ − 9)R6 + 12(44piσ − 27)R4
+ 2(8piσ − 5)R2 + 1
)
, (112)
K3(R) = −3
√
9R2 + 1R+
√
3
(
12R2 + 1
)3
× (18R2 + 1) tan−1
 R√
3R2 + 13

− 2519424
√
9R2 + 1R11 − 769824
√
9R2 + 1R9
− 81648
√
9R2 + 1R7 − 3996
√
9R2 + 1R5
− 132
√
9R2 + 1R3. (113)
Thus, for a given value of R, it is possible to find a value
for F and then, using Eqs. (107)-(108), we can find an
expression for M and B
M =
R3
(
6F 2 + 6R2 + 1
)
2F 2 (12R2 + 1)
− R
2σ
f∗(R), (114)
B2 =
R− 2M
R(1 + 6R2)
. (115)
Now in order to give an example of the qualitative
behavior (which satisfies all the physical acceptability
conditions) in this case we choose the values R = 0.1
and σ = 5. The results are presented in the figures.
4.2.2. The anisotropic case
As we mention before the MGD method is a very pow-
erful method to extend the GR solutions to the RSBW
scenario, however the previous version of this method is
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Figure 6. Qualitative comparison of the pressure for a
distribution of R = 0.1 in the brane world model (con-
tinuous curve) with the general relativistic case (dashed
curve) when p(R) 6= 0.
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Figure 7. Qualitative comparison of the energy den-
sity for a distribution of R = 0.1 in the brane world
model (continuous curve) with the general relativistic
case (dashed curve) when p(R) 6= 0.
restricted to isotropic matter distributions. We extend
this results to include the anisotropic case. In order to
show how this work let us consider a compact object
sustained only with tangential pressure given by
eν = B2
(
1 +
r2
A2
)
, (116)
e−λ =
A2 + r2
A2 + 3r2
, (117)
ρ =
6(A2 + r2)
k2(A2 + 3r2)2
(118)
pt =
3r2
k2(A2 + 3r2)2
, (119)
pr = 0. (120)
This solution can be interpreted (among other interpre-
tations) as a cluster of particles moving in randomly
oriented circular orbits. Now the Eqs. (116)-(120) rep-
resent a solution for the system (41)-(43), and then, we
0.02 0.04 0.06 0.08 0.10
0.02
0.04
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Figure 8. Qualitative behavior of the radial pres-
sure (continuous curve) and tangential pressure (dashed
curve) R = 0.1 when p(R) 6= 0.
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Figure 9. The scalar function U for R = 0.1 when
p(R) 6= 0.
0.02 0.04 0.06 0.08 0.10
-1200
-1100
-1000
-900
-800
Figure 10. The Weyl function P for R = 0.1 when
p(R) 6= 0.
can use the MGD method to find its RSBW version.
Thus, introducing theses expressions in (77) we obtain
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f∗(r) =
(
A2 + r2
)
16pir (A2 + 3r2)
3
(2A2 + 3r2)
3/2
(
2
√
3
(
A2 + 3r2
)3
× log
(√
6A2 + 9r2 + 3r
)
+
√
3
(
A2 + 3r2
)3
tan−1
 r√
2A2
3 + r
2

− r (2A4 + 7A2r2 + 6r4)√2A2 + 3r2) , (121)
were J = 0 (in Eq. (77)) to avoid a singularity in the cen-
ter of the distribution. Now, as before, in order to study
the behavior of this function at the center of the distri-
bution we can do an expansion in power series around
r = 0,
f∗(r) =
√
3
2 log
(√
6
√
A2
)
16pi
√
A2r
−
5r
(√
3
2 log
(√
6
√
A2
))
64
(
pi (A2)
3/2
)
+
3r2
4piA4
+
63
√
3
2r
3 log
(√
6
√
A2
)
512piA4
√
A2
− 93r
4
20 (piA6)
+O
(
r5
)
, (122)
from which it is easy to see that that we need to have
A2 = 1/6 in order to ensure the regularity at the origin
of the distribution. In this case
f∗ =
3
(
6r2 + 1
)
16pir (9r2 + 1)
3/2
(18r2 + 1)
3
((
18r2 + 1
)3
× log
(√
9r2 + 1 + 3r
)
+
(
18r2 + 1
)3
tan−1
 r√
r2 + 19

− 6r (108r4 + 21r2 + 1)√9r2 + 1) , (123)
and
U = 4pi
(
54r2 + 15
)
f∗(r)
3 (54r4 + 15r2 + 1)
− 108
(
81r4 + 27r2 + 2
)
(18r2 + 1)
4 , (124)
P = 2pi
(
144r4 + 22r2 + 1
)
f∗(r)
54r6 + 15r4 + r2
− 54
(
270r4 + 63r2 + 4
)
(18r2 + 1)
4 . (125)
0.92 0.94 0.96 0.98 1.00
0.00018
0.00020
0.00022
0.00024
0.2 0.4 0.6 0.8 1.0
0.05
0.10
0.15
0.20

Figure 11. Qualitative behavior of the radial pressure
for a distribution with R = 1 in the brane world model.
Now, due to the fact that pr = 0 for this distribution
we can not match this solution with the Schwarzschild’s
vacuum. In this case we can use the deformation of
the Schwarzschild’s exterior solution from which the
matching conditions have the same form of equations
(101)-(103). Thus, we also has the same form for the
constants M , B and D, that is
M =
6R3
18R2 + 1
. (126)
D =
(3M − 2R)
(2M − 1) (18R2 + 1)
(
36aR2M + 2aM − 12aR3
+ 18R3f∗(R) +Rf∗(R)
)
, (127)
B2 =
R− 2M
R(1 + 6R2)
. (128)
As an example we show some results for the quali-
tative behavior of all relevant quantities for the values
R = 1 and σ = 5 in the figures (11)-(14).
5. Conclusions
In this paper we presented the general formalism
to obtain analytical solutions of the effective Ein-
stein equations in the RSBW model, using the MGD-
decoupling method. In particular, we used this approach
to study new black holes solutions in two different
ways. The first one was by deforming the exterior
Schwarzschild vacuum, in this case we obtained a solu-
tion that was reported in Ref. [12]. Being this the only
solution we can find deforming the Schwarzschild vac-
uum, it shows the limitations of the MGD decoupling
method in this case. Then, in order to obtain more black
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Figure 14. The scalar and Weyl functions for R = 1.
holes solutions starting with the Schwarzschild solution
it is necessary to use the extended version of the MGD-
decoupling method. The second approach that we used
to study the RSBW solutions, was starting with the
known tidial charge black hole solution of the RSBW.
Then, using the MGD-decoupling with different condi-
tions over the source θµν we have been able to find
three new black holes solutions. However, by requiring
that the new solutions be asymptotically flat, then we
concluded that the source θµν can not have isotropic
pressures (θ11 = θ22 = θ33) or tangential null pressure
(θ22 = 0).
We also presented how to obtain internal analytical
solutions of the effective Einstein’s field equations. In
that sense we showed that every internal anisotropic
solution of the field equations in General Relativity can
be extended to the brane world by using the MGD-
decoupling. In order to give examples on how the
method works, we used two different GR internal solu-
tions (one isotropic distribution, the Tolman IV internal
solution and other, anisotropic in pressures), and using
the steps presented in this work we were able to find
new solutions in the brane world scenario.
Furthermore, we discussed the matching conditions
corresponding to the obtained solutions. We found two
different possibilities in the isotropic domain; in fact,
we used two different approaches for the matching con-
ditions. The first one was assuming that the physical
pressure is zero at the surface of the distribution, that
is p(R) = 0. In this case we showed that our inter-
nal solution could not be coupled to the Schwarzschild’s
vacuum. Instead of this we used the external solution
which was found at the beginning of the section 4. The
second one approach was based on requiring that the
effective radial pressure be zero at the surface and in this
case we were able to found how to match our solution
with the Schwarzschild’s vacuum. For the anisotropic
case we were only be able to match our solution to the
deformation of Schwarzschild’s vacuum.
In order to obtain more physically acceptable solu-
tions in the RSBW we may choose other solutions
of Einstein’s equations in General Relativity and then
follow the procedure given here. We may also start
with the same initial solutions of General Relativity
presented here and then use the extended version of
MGD-decoupling method, in which we can also consider
a temporal deformation of the metric.
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